Abstract. This paper mainly concerns the derivation of the normal forms of the Bogdanov-Takens (BT) and triple zero bifurcations for differential systems with m discrete delays. The feasible algorithms to determine the existence of the corresponding bifurcations of the system at the origin are given. By using center manifold reduction and normal form theory, the coefficient formulas of normal forms are derived and some examples are presented to illustrate our main results.
Introduction
Many researchers have studied some kinds of codimension bifurcation phenomena for some delayed differential systems, these bifurcation phonmena include saddle-node bifurcation, Hopf bifurcation, Hopf-zero bifurcation, double Hopf bifurcation and so on. And there are some results about the Bogdanov-Takens (BT) bifurcation (a double zero eigenvalue with geometric multiplicity one) and triple zero (a triple zero eigenvalue with geometric multiplicity one) bifurcation for general differential systems with one delay, one can see, for example, [4, 6, 16, 20, 21] , and their results can be used to study the codimension bifurcation of some predator-prey systems, neural networks models, Van der Pol's oscillator, etc. One can see, for example, [3, 9-12, 14, 15, 18, 19, 23] .
Notice that the authors in [16, 20] have given some feasible formulas to determine the BT singularity, triple zero singularity, and the generalized eigenspace associated with zero eigenvalue in R n for the following system:
x = A(P)x(t) + B(P)x(t − 1) + F x(t), x(t − 1), P , where P ∈ R q (q = 2 or 3) is a parameter vector, x ∈ R n . By using center manifold reduction and normal form theory, the concrete normal forms (two or three dimension ordinary differential equations) of the parameterized delay differential systems with BT and triple zero bifurcations at the origin were obtained. Now the general coefficient formulas of normal forms corresponding to BT and triple zero bifurcations for general differential systems with many discrete delays have not been given except for some special differential systems as discussed in [1, 13, 17, 22] . In this paper, we will generalize and apply these methods used in [16, 20] to deduce the normal forms of BT and triple zero bifurcations of the following system with m delays:
B l (P)x(t − τ l ) + F x(t), x(t − τ 1 ), . . . , x(t − τ m ), P . (1) The organization of this paper is as follows. In Section 2, the existence conditions of BT and triple zero singularities for general systems with m delays will be given. In Sections 3 and 4, by applying the center manifold theorem and normal form theory, the corresponding coefficient formulas of the normal forms for delay differential system are obtained. In Section 5, a real application is exhibited.
Stability of the trivial equilibrium
To study the BT and triple zero bifurcations of system (1), we first give the similar assumptions as the authors used in [16, 20] : (H1) A(P), B l (P) (l = 1, 2, . . . , m) are C r (r 2) smooth matrix-valued functions from R q to R n×n , F (x, y 1 , y 2 , . . . , y m , P) is a C r (r 2) smooth function from R n × · · · × R n m+1 ×R q to R n and, for all P ∈ R q , satisfies
Without loss of generality, we assume −τ 1 < −τ 2 < · · · < −τ m < 0, then we denote the Banach space of continuous mapping from
in which x t (θ) = x(t + θ), and η P (θ) is a bounded variation matrix-valued function on [−τ 1 , 0]. Especially, when P = 0, we have A = A(0),
B l e −λτ l )ξ, where j ∈ N + , for all ξ ∈ R n . These formulas will be used frequently in the rest of this paper.
We rewrite system (1) as the following functional differential equation (FDE):
which can be linearized at (x t , P) = (0, 0) aṡ
From [7, 8] a C 0 -semigroup {T 0 (t), t 0} on C can be defined by the fundamental solution of system (4) with infinitesimal generator A 0 : C → C:
With the definition of A 0 , system (4) is equivalent to an abstract ordinary differential equation (ODE)ẋ = A 0 x in C. Furthermore, the spectrum of the operator A 0 consists of its point spectrum, i.e. σ(A 0 ) = σ p (A 0 ) = {λ: ∆ 0 (λ) = 0}, the characteristic equation of system (4) is
To study system (1), we further make the following assumptions:
(H3) λ = 0 is the eigenvalue of A 0 with algebraic multiplicity 2 (3) and geometric multiplicity 1.
One can see that system (1) has a BT (triple zero) singularity if (H1)-(H3) hold. Then we will give an equivalent description for BT and triple zero singularities in system (1). Theorem 1. Let (H1), (H2) hold, the delay differential system (1) has a BT singularity when it satisfies the following conditions:
Theorem 2. Let (H1), (H2) and (i), (ii) in the above theorem hold, the delay differential system (1) has a triple zero singularity when it satisfies the following conditions:
By using the methods used in [4, 16, 20] , we reduce system (1) to an ordinary differential system with dimension q on its center manifold. Rewrite the parameterized system (1) as the following FDE:
Define
as its phase space. In addition, letx(t) = (x(t), P(t)) be the solution of (5), then (5) becomeṡ
where the operator L 0xt = (L 0 x t , 0) is bounded linear and is from C to R n × R q , and
The linearization of (6) atx t = 0 iṡ
Define the infinitesimal generator of system (7) asÃ 0 , then we haveÃ 0 = (A 0 , 0). The eigenvalues ofÃ 0 include all eigenvalues of A 0 and double or triple zero eigenvalues introduced byṖ = 0. LetΛ be the set of 2q zero eigenvalues for system (7) . Similar to [20] , we decompose the phase space C of system (3). Let C = P ⊕ Q, where P is the invariant space of A 0 corresponding to the zero eigenvalue and Q is the complementary space. C * = C([0, τ 1 ], R n * ) is defined as the adjoint space of C, where R n * is the n-dimensional space of row vectors. The bilinear inner product on C * × C is defined by
Under assumption (H3), one can see that the dimension of the space P is q. Let Φ(θ) and Ψ (s) be the bases of P and its dual space P * , respectively. Then (Ψ, Φ) = I q , where
Normal form of BT bifurcation
To study the BT bifurcation at the origin of system (1), we need use the following lemma. Lemma 1. The bases of P and its dual space
Without considering the factors of coefficient constant, we can determine the unique vectors φ
Proof. By assumption (H3), we know that there are linearly independent functions φ 1 ,
By the definition of operator
Hence, we obtain φ 1 (θ) = φ
To prove Lemma 1, it needs to use the adjoint operator
we can deduce
Furthermore, by A * 0 ψ 1 = ψ 2 and
we deduce ψ 1 (s) = ψ
. Therefore, by solving (9)- (11), we can easily get (a)-(d) of the lemma. Finally, from (Ψ, Φ) = I 2 and using (8) and (2) we have
In fact, the first and the fourth formulae in (12) hold naturally by (a)-(e) of the lemma. The proof is complete.
It is easy to see that Φ(θ) satisfiesΦ = ΦJ, where
Denote the Taylor expansion of F (x t , P) with respect to x t and P in system (7) as
where τ 0 = 0 and A 1 , A 2 , B l1 , B l2 , D ikj are coefficient matrices. According to the discussion in the above, we also know there is no terms of
From (13) we can get the following system:
where φ ji stands for the ith element of φ j .
After some calculations we obtain
Since
, the above expression can be simplified by substituting them into it. Furthermore, by [20] we also know
and for other p, it has
the bases of Im(M 2 ) can be seen in [20] .
The normal form for (6) on the center manifold corresponding to the space P can be written asż = Jz + g 1 2 (z, 0, P)/2 + h.o.t., (see [20] for detail). Hence, we have the following theorem.
Theorem 3. Let (H1)-(H3) hold. Then the delay differential system (1) can be reduced to the following two-dimensional system of ODE on the center manifold at (x t , P) = (0, 0):
where
, in addition, we need assume (H4) det Π = 0.
In this case, system (14) has two equilibria E 1 = (0, 0) and E 2 = (−δ 1 /d 1 , 0) . The bifurcation curves near the origin in the α 1 and α 2 parameter space are the following [1, 13] : TB: δ 1 = 0 (transcritical bifurcation occurs), H 0 : δ 2 = 0, δ 1 < 0 (Hopf bifurcation from the zero equilibrium point), 
Normal form of triple zero bifurcation
When system (1) has a triple zero singularity, similar to the discussion of BT bifurcation, we first give the following lemma.
Lemma 2. The bases of P and its dual space P * have the representations P = span Φ,
n * , which satisfy: Note that the proof of this lemma is similar to that of Lemma 1, we omit it here. It is easy to see that Φ(θ) satisfiesΦ = ΦJ, where
Defining the Taylor expansion of F (x t , P) with respect to x t and P in system (7) as F (x t , P) = w 2 F w (x t , P)/w!, we have
where τ 0 = 0 and
, D ikj are all coefficient matrices. As the discussion above, we also know there is no terms of O(P 2 ) in F 2 (x t , P) because F (0, P) = 0 for all P ∈ R 3 . Therefore, the normal form for (6) on the center manifold corresponding to the space P takes the form asż
(see [16] for detail), where
Following [16] , we know
the basis of Im(M 2 ) can be seen in [16] .
From (15) we have the following expressions, where φ ji stands for the ith element of φ j :
After some computations we get (H1)-(H3) hold. Then system (1) can be reduced to the following threedimensional system of ODE on the center manifold at (x t , P) = (0, 0):
In addition, we need assume (H5) det Π = 0.
Following [1] , the bifurcation diagrams of system (16) at the origin are as follows:
(i) system (16) undergoes a transcritical bifurcation when T = {(α 1 , α 2 , α 3 ): 
Application in a recurrent neural network
The authors in [2] and [5] have proposed the following three-node recurrent neural network model with four discrete time delays:
where a, b ∈ R, τ i > 0, f (x) is a general activation function, which satisfies f (0) = 1. Let u 1 (t) = x 1 (t), u 2 (t) = x 2 (t − τ 2 ) and u 3 (t) = x 3 (t − τ 2 − τ 4 ), then system (17) is equivalent to the following system with two delays:
where τ = τ 1 + τ 2 + τ 4 and σ = τ 3 + τ 4 . The characteristic equation for linearized system (18) at the equilibrium (0, 0, 0) is
By (19), we have
From ∆ 0 (0) = ∆ 0 (0) = 0 we know that if
Solving ∆ 0 (0) = 0, it has
When a = a 0 , b = b 0 and σ = σ 1 , we have
One can verify that ∆ 0 (0) > 0, hence, we get the following lemma.
hold. Then system (18) has BT (triple zero) bifurcation at the origin.
In the following we will analyze the BT and triple zero bifurcations of system (18) at the origin, respectively. (18) (18) (18) In this part, under condition (I1), we take a 0 and b 0 as bifurcation parameters to discuss the BT bifurcation of system (18) , and rewrite a and b as a 0 + α 1 and b 0 + α 2 , then we obtain the systeṁ
BT bifurcation of system
the Taylor expansion of Eq. (20) up to the second order terms is as follows:
T . To obtain the normal form of system (20) on its center manifold, by the Lemma 1, we have
where γ = (4 + 2σ)τ 3 + (30 + 12σ − 3σ 2 )σ + (−18σ 2 + σ 3 + 12σ + 60)τ − 6σ + 3σ 3 − 27σ 2 + 42, and
,
As a verification, we take pair of parameters (α 1 , α 2 ) = (−0.006, −0.08), then we can see that the trivial equilibrium (0, 0, 0) of system (20) is locally asymptotically stable (see the middle of Fig. 1 ). The trivial equilibrium keeps stable with pair of parameters (α 1 , α 2 ) moving toward the bifurcation curve H 0 , and lose its stability when (α 1 , α 2 ) pass through H 0 , which leads to a stable limit cycle is bifurcated from the trivial equilibrium. As shown on the right of Fig. 1 , system (20) displays a stable periodic orbit when (α 1 , α 2 ) = (−0.05, −0.02). (18) (18) (18) In this part, under condition (I2), we will discuss the triple zero bifurcation of system (18) . For computation simplicity, first we rescale system (18) by letting t =tσ, then take a 1 , b 1 and σ 1 as bifurcation parameters and write system (18) aṡ u 1 (t) = (σ 1 + α 3 ) −u 1 (t) + f u 2 (t) , u 2 (t) = (σ 1 + α 3 ) −u 2 (t) + f u 3 (t) , u 3 (t) = (σ 1 + α 3 ) −u 3 (t) + (a 1 + α 1 )f u 1 t − τ σ 1
Triple zero bifurcation of system
the corresponding Taylor expansion of Eq. (21) up to the second order terms is as follows:
U (t) = AU (t) + B 1 U t − τ σ 1 + B 2 U (t − 1) + 1 2 F 2 (U t , P) + h.o.t.,
where U (t) = (u 1 (t), u 2 (t), u 3 (t)) T , and 
